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The rate coefficient k(T ) of a barrier-limited, two-state reaction proceeding through multiple pathways is
determined by using transition state theory. The entropic and enthalpic contributions to the overall rate are
treated separately. The rate coefficient of reaction is determined as a function of the variance of the distribution
of pathways and activation energies. The relative densities of state in the initial and transition state lead to
curvature in the dependence of ln(k) on 1/T. The sign of the curvature depends on the relative increase in
densities of state of the initial and the transition (saddle) state. The analysis has implications for the
interpretation of macromolecular reactions, including the protein-folding process. The inclusion of the density
of states in the initial and the saddle states yields rate coefficients whose temperature dependence reproduces the
curvatures in experimental Arrhenius plots for protein-folding and unfolding processes.

Introduction

Recent advances in experimental and theoretical methods to
study macromolecules have stirred a rebirth of interest in the
temperature-dependent kinetics of complex reactions.1,2 These
theoretical and experimental methods3 have provided extre-
mely useful information about the potential energy surfaces
and the pathways that lead from one state to another. How-
ever, the picture is still incomplete.
One uncertainty is the effect of multiple pathways on the

temperature dependence of reactions. An analysis of this
issue can provide vital information about the shape of the
potential energy surface. The problem has been addressed
by both experimental4,5 and theoretical2 research in recent
years. One example is the protein-folding problem where
the energy landscape picture has been quite useful. Determin-
ing the presence or absence of multiple pathways can provide
critical information about the landscape and the overall fold-
ing behavior. Therefore, a clear experimental signature of
multiple pathways can be a very useful tool for the interpre-
tation of complex reactions. In this study, we show that the
temperature dependence of rate coefficients k(T ), specifically
the deviation from the traditional Arrhenius linear depen-
dence of ln(k) on 1/T, can contain this information.
Kinetics through multiple pathways can be divided into

three categories; parallel pathways, sequential pathways and
combinations thereof. In this paper, we address the first case,
and apply transition state theory to calculate the rate of a
two-state reaction with parallel pathways having different
activation energies. Our method takes into account the impli-
cit temperature dependence of the reaction rates, and
addresses the consequences of the distribution of activation
energies of pathways. We find that the presence of multiple
pathways results in curvature in Arrhenius plots. The sign
of the curvature reveals the relative rates of increase, with
energy, of the densities of states of the saddle and the initial
state.

Methods

According to transition state theory (TST),

k ¼ kBT
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where the superscript k refers to the activation parameters.
The activation enthalpy of many macromolecular systems

(e.g. protein-folding process) is of the order of a few kilocal-
ories per mole.6 Therefore in our model, we use the Arrhenius
approximation of DHk ¼ Ea�RT. The entropy of activation
of the system is calculated by considering the densities of
states, r(E), for the initial and the saddle states in the rate-
determining step (see eqns. (2) and (3) below). The contribu-
tion to the entropy of activation from initial and transition
(saddle) state densities depends on temperature. For our
model, we assume that the population in the density of states
either increases linearly or quadratically with temperature.
More complex behavior is plausible, but in the absence of spe-
cific information about any particular system, and in the pre-
sent situation of our examination of general behavior, the
linear and quadratic models are sufficient to demonstrate the
behavior we seek to interpret.
We also assume that if the density of states of the reactant

increases linearly with temperature then the density of states
for the saddle state increases quadratically and vice versa. Once
again, this is to ensure that we are using the simplest possible
model. For a process such as folding or unfolding, the densities
of states of the initial and the saddle states do not increase at
the same rate. Therefore we use this assumption to model such
processes in which the densities of states of the initial and the
saddle state increase at different rates. If the densities of states
of the initial and the transition (or the final) state increase at
the same rate, there is no curvature in Arrhenius plots.
The change of entropy of between two given states (initial

and transition or transition or final) at a given temperature
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is then calculated by using the densities of states:

DSðTÞ ¼ Rðhln rTSðTÞi � hlnrIðTÞiÞ ð2Þ

where the superscripts TS and I refer to the densities of states
at the saddle state and the initial state respectively. The overall
rate coefficient is thus given by:

kðTÞ ¼ kBT

h
exp 1� Ea

RT

� �
exp DSðTÞð Þ ð3Þ

The density of states at the saddle is a measure of the multipli-
city of pathways, but no reference need be made to the extent
to which there is mode-coupling among them. In the system
with multiple pathways, the pathways differ from each other
due to different Ea .
For an ensemble of pathways, each with different activation

energies Ea,i , the observed rate coefficient is the sum of rate
coefficients through each individual pathway i is given by:

kobserved ¼
X
i

ki ð4Þ

Assuming that the activation energies have a Gaussian distri-
bution, we can determine P(Ea), by using the standard equa-
tion of a normalized Gaussian distribution with mean
activation energy m and variance sEa

:

PðEaÞ ¼
1

sEa

ffiffiffiffiffiffi
2p

p exp � Ea � mð Þ
2sEa

2

� �
ð5Þ

This value of P(Ea) is multiplied to its corresponding Ea in eqn.
(3) to ensure the Gaussian weighting of activation energy.
Hence the overall rate depends on the nature of the distribu-
tion of activation energies, the mean activation energy and
the variance.

Model systems and results

Model 1

Two different model systems are examined in this study. In the
first model, there are two routes, a singular low energy path-
way with activation energy Ea , and an ensemble of g-fold
degenerate higher energy pathways having a higher activation
energy Eb ¼ Ea+ dEa (Fig. 1a). The purpose of this model is
to examine how the presence of an ensemble of high energy
pathways affects the behavior of kobs ; explicitly, identifying
the temperature range where the flux switches from the lower
energy route to the higher energy routes. The net rate of the
reaction depends, in addition to the temperature and the acti-
vation energy barriers of the two routes, on the degeneracy of
the higher energy pathways.
If the reaction rate through each pathway obeys the Arrhe-

nius approximation, the net rate coefficient of the reaction can
be written as the products of the exponentials of entropic and
enthalpic terms:

kobs ¼ A exp ln½1�ð Þexp � Ea

RT

� �
þ B
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RT

� �
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RT

� �
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X
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RT

� �

ð6Þ

where A and B are constants which are obtained from the
initial conditions of the reaction. The summation is over all
the possible pathways. The degeneracy of the low energy path-
way is 1 and hence its entropic contribution is zero. The degen-
eracy of the higher energy pathway is g, and hence its entropic
contribution is ln[g].
The rate coefficient of the reaction for a system depicted in

Fig. 1a as a function of temperature is plotted in Fig. 1b with
g ¼ 4000, Ea ¼ 10 kcal mol�1 and d ¼ 0.51.

Model 2

This model is an extension of the first model, as this model
spreads the sharp distribution of energies in Model 1 over a
range of energies. The reactant molecules can now go through
a wider distribution of pathways, i.e. pathways with a Gaus-
sian distribution of activation energies and a variance sEa

.
The overall rate through each pathway then depends upon
the density of states in the reactant and the saddle state, whose
populations vary with temperature as discussed above in the
methods section. The rate coefficient of reaction through each
individual pathway is calculated according to eqn. (3) and the
overall observed rate coefficient is given by eqn. (4).
The plots of ln(k) versus 1/T for different mean activation

energies are shown in Fig. 2(a and c). These plots of rate coeffi-
cients are obtained by calculating the rates for N (N ¼ 1500)
pathways in 5 K temperature intervals. Fig. 2(a) shows the
behavior of a two-state system for which the density of states
for the reactant increases faster (increases quadratically with
T) than the density of states of the in the saddle state (increases
linearly as T ), i.e. rI > rTS. Fig. 2(c) depicts the opposite
behavior (rI< rTS).
The plots in Fig. 2(a and c) show increased curvature

at lower and higher temperatures. The curvatures increase
several fold at even higher ( > 373 K) and lower (<270 K)
temperatures; however such a temperature range is unlikely
to be observed experimentally for biological systems. The
results are plotted for various mean activation energies (m);
the variance of the distribution (sE) is kept the same for these

Fig. 1 Model #1: The two-pathway reaction. (a) The reaction dia-
gram of a two-pathway system. The single lower energy pathway, with
a single activation energy Ea , and a higher energy ensemble of path-
ways with activation energy Eb ¼ Ea+ dEa and degeneracy g, where
g ¼ 4� 103. (b) The Arrhenius plot for the system shown in (a), with
d ¼ 0.51Ea . The observed rate coefficient through only the lower
energy pathway, and through the ensemble is plotted to show the
‘‘ temperature switch’’ that changes the flux from one pathway to
another pathway.
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plots. If the density of states of either the reactant or the saddle
state were higher and varied more rapidly, the curvature would
of course appear within a narrower range of temperature. For
this system, our calculations suggest that the effective dH/dT is

not a constant with temperature, so we have a non-zero value
of dCp/dT. For a process whose the density of states increases
faster in the initial state than in the saddle state (i.e. rI > rTS),
dCp/dT is negative. The opposite effect is observed if the

Fig. 2 Model #2: Log rate coefficient vs. 1/Temperature for different mean activation energies.(a) The log of the observed rate coefficient of the
reaction versus 1/T, also known as an Arrhenius plot. The y-axis is k0 ¼ (kh/kBT) as often used in macromolecular kinetics plots.9,10 The origin of
curvature is described in detail in the text. The plot represents a system for which the density of states of the initial state increases at a faster rate
than that of the saddle state.(b) dH/dT (¼Cp) versus temperature for a system for which the density of states of the initial state increases at a faster
rate than that of the saddle state. The curvature in the plot suggests that the slope is non-zero (dCp/dT< 0).(c) The y-axis is the same as in Fig. 2a.
The plot represents a system for which the density of states of the initial state increases at a slower rate than that of the saddle state.(d) dH/dT
versus temperature for a system for which the density of states of the initial state increases at a slower rate than that of the saddle state. The cur-
vature in the plot suggests that the slope is non-zero (dCp/dT > 0).(e) Rate-coefficient plot for folding and unfolding of mutant of phage T4 lyso-
zyme (from ref. 9, reproduced with author’s permission). The plot shows opposite curvatures for folding and unfolding reactions, as predicted in
Figs. 2(a) and 2(c).The plots are based on different mean activation energies of the Gaussian distribution, however the variances of the distributions
are kept the same.
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density of states of the saddle state increases faster (Figs. 2b
and d respectively).
Fig. 3 shows the behavior of the natural log of observed rate

coefficient versus the variance of the distribution at different
temperatures. The plots show the behavior of the system at dif-
ferent mean activation energies (m). Fig. 3(a) show the beha-
vior of the model two-state system whose density of states of
the initial state increases at a faster rate (increases quadrati-
cally with temperature) than that of the saddle state (increases
linearly with temperature), whereas the opposite effect is
depicted in Fig. 3(c).

Discussion

The first model involving pathways at just two energies, with
one lower-energy pathway and an ensemble of degenerate
higher energy pathways, though very simple, is quite useful.
It shows that the presence of high energy paths can influence
the rate of the reaction significantly at physiological tempera-
tures (Fig. 1b), under certain conditions, e.g. when the degen-
eracy of higher energy paths is high (g > 103) and the
activation energy gap between the lower and higher energy
paths is small (Eb�Ea� 0.5Ea). This model also shows the
presence of a temperature ‘‘ switch ’’, at which the dominant

flux switches from one pathway to the other. Such information
is going to be very useful to design, conduct and interpret
macromolecular kinetic experiments at different temperatures.
The results using model #2 also show curvature in the

Arrhenius plots. As stated earlier, the plot shows more curva-
ture at higher (> 373 K) temperatures than in the intermediate
temperature range (273<T< 373). The curvature in our
model is due to the presence of multiple pathways and the indi-
vidual rates of reaction through those pathways. Since we are
working with a Gaussian distribution, at lower temperatures
pathways with very low activation energies are populated,
whereas at T > 310 K the flux goes through all the possible
pathways.
The origin of curvature in Arrhenius plots in macromolecu-

lar processes such as protein folding has been a subject of
debate.1–3,6–8 According to some theories, the origin is due to
diffusion on the landscape1,2,6 whereas the experimentally
observed curvature in Arrhenius plots is usually attributed to
hydrophobic effect and other temperature dependent inter-
actions that stabilize the folding molecule.3

First-principle theoretical methods have failed to reproduce
the experimentally observed curvature in Arrhenius plots for
protein-folding reactions. In fact, these theoretical results pre-
dict curvature in the Arrhenius plots with a sign opposite to

Fig. 3 Model #2: Log Rate Coefficient vs. Variance of Gaussian distribution plots for different mean activation energies and different tempera-
tures.(a) The log of the observed rate coefficient of the reaction as a function of the variance of the Gaussian distribution. The y-axis shown is
k0 ¼ (kh/kBT). The plot represents a system for which the density of states of the initial state increases at a faster rate than that of the saddle
form.b) The plot of change of Cp with variance magnifies the fact that these variance plots are very sensitive to changes in activation energy
and insensitive to changes in temperature. (c) The plot is similar to (a) and represents a system for which the density of states of the initial state
increases at a slower rate than of the saddle state.(d) The plot is similar to plot (b), except the system plotted is the one for which the density of
states of the initial state increases at a slower rate than that of the saddle state.The plots have two different mean activation energies and are plotted
at two different temperatures.
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that of experiments. This is because the entropic contribution
is modeled as a term completely independent of temperature,
and hence there is an increase in the observed rate at higher
temperatures (also shown in model #1; Fig. 1b). Based on
our model (model #2, in which the densities of states of initial
and the saddle state, and their implicit dependence on tempera-
ture are taken into account) we can correctly account for the
sign of the curvature for protein-folding and unfolding reac-
tions. Though there might be a difference in magnitude of
the rate coefficient (because of complexities that our model
does not take into account), our results agree fairly well with
the experimental results9,10 in predicting the sign of the curva-
ture in the Arrhenius plots.
For a protein-folding reaction, the density of states of the

initial unfolded state increases faster than that of a saddle
state, whereas the opposite effect is to be expected for the
unfolding reaction. This is because the random coil is less
restrictive than the transition (saddle) state and hence is
expected to have a density of states, up to some rather high
energy, that increases rapidly. The transition state is presum-
ably more constrained, hence its density of state increases more
slowly, and the native state is the most restricted of all, and
hence has the slowest-growing density of states. Interpreting
our model with this assumption gives the observed curvature
for both the unfolding and the folding reactions. Our results
agree well with experimentally determined folding and unfold-
ing rate-coefficient plot (Fig. 2e), where the folding and unfold-
ing curvatures have opposite signs, as predicted by our
theoretical model (Fig. 2a and 2c).
Our results also suggest that for a multiple path process the

effective dH/dT is nonzero. Though the change in magnitude
is relatively small, the slope of the plot of Cp (¼ dH/dT ) versus
temperature is non-zero for both cases discussed above (Fig.
2b and d).
From a theoretical perspective, reaction along a single path-

way will result in a constant Cp if no other interactions (e.g.
hydrophobic effect) are taken into account. Ours is a phenom-
enological model in which the densities of states of the initial
and saddle states are populated as functions of temperature,
and result in a temperature-dependent heat capacity, i.e. dCp/
dT 6¼ 0.
It is sometimes said that the hydrophobic effect results in the

curvature in the Arrhenius plots.3 The origins of hydrophobic
effect (difference in Cp in the unfolded and the folded state) lie
in the difference in organization of water around the folded
and the unfolded molecule and the difference in accessible
energy states. Therefore the hydrophobic effect can be inter-
preted as a microscopic model that carries with it a difference
in densities of conformational states between the unfolded and
transition (or folded) states. This, in turn, results in curvature
in the Arrhenius plots. Therefore our analysis is not contradic-
tory, but complimentary to other work showing the curvature
in Arrhenius plots due to hydrophobic effect.3 Rather, our
model shows that any effect associated with the differing pat-
terns of densities of state in initial and transition states will
yield such curvature.
Another interesting feature of the presence of multiple path-

ways is the compensation between enthalpic and entropic
factors. The enthalpic term in the free energy for a folding
reaction is fairly small, and is the only term depending expli-
citly on the activation energy. However, this might not be
the case for other macromolecular reactions, where the
enthalpy plays a more significant role. Eqn. (1) indicates that
enthalpy and entropy act in opposite directions. In our model,
for a system whose density of states of the reactant increases
faster than the saddle state in the rate-determining step (i.e.
rI > rTS), the entropic contribution is positive, so entropy
and enthalpy work in opposite directions (see eqns. (1), (2)
and (3)). Thus for a system with a small enthalpic contribution,
or small Ea (e.g. folding reaction) the curvature is primarily

due to the entropic contribution. On the other hand, the
enthalpy and entropy terms in the rate of the reaction act in
the same direction for a system whose density of states of
the saddle state increases faster than that of the initial state
(i.e. rI< rTS). This is because the entropic contribution in
eqns. (1) and (3) is negative, and thus both entropy and
enthalpy have the same sign. This is observed from Fig. 2c
(m ¼ 9.6), which has the maximum curvature, due to higher
activation energy and hence greater enthalpy. Because the
enthalpic component of the overall reaction rate depends only
upon the activation energy and is independent of any variation
in the density of states, the enthalpic component shows the
same behavior for the forward and the backward reaction.
Consequently, for macromolecular processes which are gov-
erned overwhelmingly by enthalpic forces, we predict that
the shape of the ln(k) vs. 1/T plot would be the same for
forward and backward reactions.
We can also predict the rates of reactions through parallel

pathways as a function of the variance of the distribution of
activation energies (Fig. 3). Though it is not yet possible to
observe the rate of the reaction experimentally as a function
of this parameter, nonetheless these plots can give us valuable
information about the behavior of the system as a function of
the nature of the distribution of activation energies. One of the
most striking features of these plots is the change in the shape
of the curve as a function of the mean activation energy m (Fig.
3a). At the same temperatures, the two curves (Fig. 3a (m ¼
7.5) and (m ¼ 8.9)) have different shapes, whereas the curves
with the same activation energy (Fig. 3a) have similar shapes
even though the systems have different temperatures.
A similar observation can be made about Fig. 3c for which

the density of states of the initial state is higher than that of
the saddle state in the rate-determining step (i.e. rI > rTS).
The only source of difference in these curves is the difference
between the activation energies. Similarly the variations in
temperature do not seem to have any significant effect on the
shape of the curves. These results show the effect of the change
in Ea (i.e. enthalpic contribution) on the overall rate coefficient
which is not obvious from the Arrhenius (ln k vs. 1/T ) plots. It
is interesting to note that whereas variations in the entropic
term in the rate equation result in changes in the shape of
Arrhenius plots, the variance plots show the dependence of
the rate coefficient on the changes in activation energy and
are insensitive to temperature changes. This observation is
magnified in the corresponding plots in which the derivative
of Cp with variance is plotted against variance (Fig. 3b and d).
From a theoretical perspective, the Arrhenius plots repre-

sent only part of the overall picture. We believe that these
rate-variance plots, in combination with rate–temperature
plots will give an improved picture of the contribution of
various thermodynamic terms to the overall rate.

Conclusion

We have presented a simple method to address the issue of
reactions across a single barrier per pathway in a system of
multiple pathways. The presence or absence of multiple path-
ways can play a very important role in visualizing the potential
energy surface of a reaction. In this paper, we have addressed
the issue of the effect of multiple parallel pathways on the over-
all kinetics of complex reactions. Though initial theoretical
studies of macromolecular kinetics failed to agree with experi-
ments, our study shows that the inclusion of the density of
states in the initial and the saddle state corrects for the
previous discrepancy between theoretical and experimental
results. Our study indicates that presence of multiple parallel
pathways and the density of states assignment to the initial
and the saddle state plays a key role in providing this cur-
vature observed in the Arrhenius plots in protein folding and
unfolding reactions.
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We also show the sensitivity of the Arrhenius plots to the
density of states, as well as to the variance of the distribu-
tion of energies. The rates at which actual densities of states
vary with temperature are presumably more complicated
than the model discussed here; however the good agreement
with experiments suggests that more sophisticated modifica-
tions of the dependence of densities of states on temperature
will only improve the quality of the results. The success
of our model in predicting the correct sign of curvature
in Arrhenius plots is intended to stimulate experiments
designed and conducted to observe the presence of multiple
pathways, since initial comparisons to experimental results
are very encouraging.3,9,10 More sophisticated calculations
taking into account the densities of states of the initial
and saddle states, as well as different rates at which these
two densities of states increase will provide a more rigorous
test of our theory.

Abbreviations

kobs , rate coefficient of observed reaction; Cp , heat capacity at
constant pressure; Ea , activation energy; DH, change in heat
capacity, DHk, activation enthalpy; DS, change in entropy;
DSk, activation entropy; r(E), density of states.
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