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An empirical potential energy function for ﬂuor- and for hydroxyapatite is formulated and parametrised. The
parameter optimisation involves a hierarchy of reference data and techniques comprising of quantum-chemical
calculations for Coulomb interactions and intramolecular contributions, as well as experimental data and
molecular dynamics simulations for the remaining nonbonded parameters. For ﬂuorapatite both a ﬂexible and
a rigid phosphate model are derived, while for hydroxyapatite only the rigid variant is determined. Simulations
with the ﬁnal models reproduce the experimental crystal parameters within less than 1% deviation for a wide
range of temperatures between 73 and 1273 K. In the case of ﬂexible ﬂuorapatite the computed and the
experimental infrared spectra at 300 K agree excellently.

1

Introduction

Apatites are the dominant inorganic components of bones and
teeth in vertebrates. Enamel, the hardest part of a tooth, essentially consists of hydroxyapatite.1 Caries formation implies the
hydrolysis of hydroxyapatite,2,3 a phenomenon that can be
apparently decelerated by ﬂuoride ions. Understanding the
demineralisation on a microscopic level and, possibly, controlling remineralisation for repairing tooth damages is an area of
active current research. Biomineralisation processes in general
involve the subtle interplay of an organic framework formed
by in vivo synthesis and extracellular mineralisation. This enormously complex situation can be simpliﬁed by experimentally
studying simpler model systems, for instance ﬂuorapatite–gelatine composites that can be grown in vitro, and that show a
remarkable chemical and structural similarity to enamel.4,5
Simple model systems are in principle amenable to theoretical investigations. Using experimentally found control parameters for the growth of ﬂuorapatite in a gelatine matrix, a
dynamical model was constructed based on fractal geometry.6
Detailed microscopic models for instance capable of predicting
elementary nucleation steps need yet to be developed. As a ﬁrst
step toward this goal we present in this article an empirical
potential energy function for solid monoclinic hydroxyapatite
Ca10(PO4)6(OH)2 (space group P21/b) and hexagonal ﬂuorapatite Ca10(PO4)6F2 (space group P63/m) to be used in molecular dynamics (MD) simulations. The common structural
motif of both apatites consists of parallel pipes of calcium
ion triangles that are twisted alternately by 60 . Fluoride ions
are located in the triangle centers while hydroxyl ions are
placed slightly above.7,8
The parametrisation of a force ﬁeld for such dominantly
ionic systems containing ﬂexible molecular entities constitutes
a major challenge, entailing a signiﬁcant amount of quantum-

chemical calculations as well as the use of experimental data.
We ﬁrst describe the model function and the strategy towards
reliable parameters along with the results. The optimal model
is ﬁnally validated by comparison with structural and spectroscopic data from experiments.

2 Optimisation of the apatite models
2.1 Outline
The model function used in this work consists of the sum of
intramolecular and pairwise additive, nonbonded intermolecular terms, U ¼ Uintra + Uinter , where
uij;inter ðrij Þ ¼
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ð1Þ

comprises of a Born–Mayer–Huggins9 (BMH) term with e0
being the vacuum dielectric constant, rij is the distance between
particles i and j, qi are the site charges, ri , Ri , Ci are the BMH
parameters, w ¼ 1.15521019 J Å1 is the standard force.10
The main diﬀerence to a standard Lennard-Jones/Coulomb
expression is the exponential term covering atomic repulsion
that is better suited for simulations over a wide range of temperatures. For ﬂuorapatite both a rigid and a ﬂexible phosphate model are constructed. The geometry of the hydroxyl
group is taken as rigid throughout. Rigid model distances
are directly taken from the experimental crystal structures.7,8,11
The intramolecular phosphate potential reads
X kr
X ky
ðrij  r0 Þ2 þ
ðyijk  y0 Þ2
Uintra ¼
2
2
bonds
angles
þ
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Here, kr,y,UB are the force constants, yijk are the bend angles
between sites i, j, and r0/y0 are equilibrium displacements.
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‘‘ UB ’’ denotes Urey–Bradley terms, i.e. harmonic stretching
potentials over sites i and k constituting a bend angle.
The parametrisation of force ﬁelds, particularly for complex
condensed phase systems, still remains a challenging and diﬃcult task, often guided more by intuition in subdividing the
necessary steps than by straightforward recipes; for recent
reviews, see refs. 12–14. In our case, an obvious strategy
consists of three consecutive stages:
(a) ﬁtting of the site charges as to represent the quantumchemically computed electrostatic ﬁeld within the 3D periodic
crystal environment;
(b) derivation of intramolecular phosphate parameters from
gas-phase quantum-chemical calculations, assuming independence of the environment;
(c) optimisation of the remaining nonbonded parameters
with respect to minimal deviations between computed and
experimental crystal structures via MD simulations.

Fig. 1 Schematic ﬂow chart of the Madelung point charge embedded
cluster-self consistent ﬁeld (MPCEC-SCF) method for the derivation
of site charges within a crystal.

2.2 Methods
Quantum-chemical calculations were performed with Gaussian
9415 on the HF level of theory, for the charge derivation using
the Los Alamos National Laboratory LANL1DZ basis set16
comprising eﬀective core potentials, and for the phosphate
ion in vacuo using the 6-31G* basis set. Normal frequencies
were scaled by 0.89 according to empirical ﬁndings with the
present basis.17 Due to the known good performance of the
Hartree–Fock approximation for the derivation of partial
charges no other quantum-chemical models like for instance
density functional theory have been used.
MD simulations were carried out in the canonical18 (NVT )
and in the isothermal–isobaric (NpT ) ensembles using the
Berendsen manostat.19 Rigid body constraints were applied
when necessary.20,21 During parametrisation runs a time step
of 1 fs was used, for production simulations to validate the
force ﬁeld a larger step of 3 fs was found to be suﬃcient. Nonbonded interactions were truncated using a shifted-force
potential22,23 with a cutoﬀ distance of 13 Å. This value has
been optimised with the ﬁnal set of site charges (see below)
by minimising the diﬀerence between the truncated and the
true Madelung forces to below 2%.23 The simulation boxes
contained 4  4  5 units cells (3260 atoms) for ﬂuorapatite7
and 2  4  5 unit cells (3520 atoms) for hydroxyapatite.8

performed for the cluster in the grid charge environment. We
obtain a wave function CC+U that, after some iterations, is
an approximation to the full crystal wave function CM .
In our case typically one (ﬂuorapatite) or two unit cells
(hydroxyapatite) are taken as the basic cluster, surrounded
by a grid corresponding to 50 times the number of cluster
atoms. The cycles converge after around 10 iterations, the
results are given in Table 1. Since there are only very small
diﬀerences between ﬂuor- and hydroxyapatite the charges for
equivalent atom types were averaged. As a result, apatites
appear to be remarkably ionic crystals, at least as far as the
electric ﬁeld within the phase is concerned. In contrast, Mulliken population analysis of full periodic density-functional calculations on ﬂuorapatite done recently by Louis-Achille et al.28
indicate a fair amount of covalent charge transfer between
cation and anions. Since the ﬁnal goal of using an empirical
force ﬁeld is the study of phase change and ion mobility, application of those population charges in solid state simulations
would necessarily imply model expressions covering electronic
polarisation and charge transfer.

2.3 Site charges

Given a set of reference frequencies and the optimal geometry
of the phosphate anion from quantum-chemical calculations,
the intramolecular force ﬁeld parameters were optimised
using the dynamical simulated annealing approach described
earlier.12 Brieﬂy summarised, the target function
X
pi ðOi ðuÞ  Oi;ref Þ2 ;
ð3Þ
SðuÞ ¼

Partial charges in a crystalline environment derived from electronic structure theory are inﬂuenced by the 3D lattice periodicity. In this work, we applied the Madelung point charge
embedded cluster-self consistent ﬁeld (MPCEC-SCF) approximation24 that has been successfully used to predict nuclear
quadrupole interactions in chlorine-substituted methanes. By
construction, this technique is ideally suited to optimise
electrostatic potential-derived (PD) charges25 for use in solid
state MD simulations: Based on an idea by Sauer,26 quantum-chemical calculations are applied to a small cluster representing a crystal fragment, embedded in an environment of a
large number of point charges that, together with the cluster
charges, are determined as to approximately represent the true
Madelung potential anywhere in space. The charges on the
cluster sites and on the grid points are iteratively modiﬁed
corresponding to new quantum-chemical calculations for each
set of grid charges until self-consistency is reached, as schematically shown in Fig. 1: We start with an isolated cluster and
compute its wave function CC from which PD charges qC
are determined. The cluster potential VC and the Madelung
potential VM (from Ewald summation27 of hypothetical translations of the cluster) are computed at the embedding grid
points. A set of embedding grid charges qU is ﬁtted with
respect to VM–VC ; a new quantum-chemical calculation is
636
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2.4 Intramolecular parameters

i

depending on a number of model parameters u ¼ {j1 , j2 , . . .}
and weights pi , must be minimised with respect to deviations
between model and reference observables, Oi(u) and Oi,ref .
The parameters are treated as dynamical variables moving in

Table 1 Partial atomic charges (in units of the elementary charge) of
ﬂuor- and hydroxyapatite; O(P) and O(H) denote the oxygen atoms in
the phosphate and the hydroxide anions, respectively
Atom

Charge

Ca
P
O(P)
O(H)
H
F

+2.0
+2.6
1.4
1.6
+0.6
1.0

a virtual potential deﬁned by the target function according to
€k ¼ 
mj;k j

@
~
SðuÞ þ R
@jk

ð4Þ

where mj,k are the virtual parameter masses, R~ represents a
stochastic heat bath force corresponding to a temperature Tj
in parameter space. Tj is gradually decreased to zero allowing
for a search of the global minimum. The virtual parameter
masses mj,k are adjusted during the annealing run in such a
way that the local mass-weighted curvature of the target function is about the same for every parameter,12 thus gaining
maximum optimisation performance by balancing parameter
sensitivity.
In this dynamical scheme the virtual forces acting on the
parameters
X
@
@Oi ðuÞ
SðuÞ ¼ 2
pi ðOi ðuÞ  Oi;ref Þ
@jk
@jk
i

ð5Þ

need to be supplied with the parameter derivatives of the
model observables. In the present case of an intramolecular
force ﬁeld we need the derivative of an eigenvalue li of the
mass-weighted Hessian F(q0 ,u) at a given optimal geometry
q0 ,29
@li
@Fðq0 ; uÞ
¼ KTi
Ki
@jk
@jk

ð6Þ

where Ki denotes the corresponding eigenvector; for the derivative of an optimal geometry we have approximately30
@q0
@HUðq0 ; uÞ
¼ H 1 ðq0 ; uÞ
:
@jk
@jk

ð7Þ

In this case H is the true Hessian without mass-weighting.
After quantum-chemical geometry optimisation and normal
mode calculations of a phosphate ion in vacuo, the annealing
process was performed for intramolecular potential models
with and without the Urey–Bradley term to check for the
adequacy of a speciﬁed functional form. Structural data in
the form of all interatomic distances and vibrational data were
weighted equally; normal modes were assigned by maximising
the overlap between model and reference eigenvectors. The
results are given in Tables 2 and 3. The inclusion of a Urey–
Bradley term for 1–3 intramolecular distance variations is
apparently necessary, particularly for correctly representing
the second mode. With the ﬁnal set of parameters, the optimal
distances are represented within 0.01 Å and the frequencies
within 1 cm1.

Table 3 Intramolecular force ﬁeld parameters of the phosphate anion
including Urey–Bradley (UB) terms: equilibrium displacements (r0/Å
and y0/degree) and force constants (kr/UB/kJ mol1 Å2 and ky/kJ
mol1 deg2)
Type

r0/y0

kr/UB/ky

P–O stretch
O–P–O bend
O–O UB

1.27
129.75
3.54

2543.2
342.0
319.4

the observable is a thermal average to be computed from a
simulation we obtain for instance in the isothermal–isobaric
ensemble from
Z
hOi i ¼ Z1 dXOi ðXÞexp½bðH þ pV Þ
ð8Þ
after some algebra12




@hOi i
@U
@U
 hOi i
¼ b Oi
@jk
@jk
@jk

ð9Þ

with b ¼ 1/kBT, kB being the Boltzmann constant and T the
absolute temperature, H is the Hamiltonian, X denotes all
coordinates, momenta and the volume V at the pressure p,
and Z is the partition function.
In contrast to earlier attempts to ﬁnd suitable nonbonded
parameters ‘‘ on the ﬂy ’’ during a simulation, there is in this
case neither need for monotonicity or global convexity of the
target function,31,32 nor are we restricted to ﬁnd the next-nearest local minimum.33 The procedure is schematically outlined
in Fig. 2: n MD steps are performed in real space at each of
which the simulation box is translated and rotated to match
the experimental reference structure.34 From these short runs
under NpT conditions at 300 K and 1 bar, in our case 70 steps
for each interval, the forces acting on the parameters
Fj ¼ @ S/@ j are computed according to eqns. (5) and (9),
and a single step in parameter space is carried out. The experimental crystal parameters and atomic coordinates7,8,11 act as
reference observables. After 10 steps in parameter space new
parameter masses are adjusted and the temperature Tj is

2.5 Nonbonded parameters
The remaining nonbonded Born–Mayer–Huggins parameters
were ﬁnally optimised with respect to minimising the diﬀerence
between experimental and theoretical crystal structures at a
nonzero temperature, necessitating MD simulations for the
theoretical predictions. We again adopted the dynamical simulated annealing scheme that, in this case, can be quite naturally
incorporated into the ‘‘ real space ’’ simulation protocol. If
Table 2 Normal frequencies/cm1 of the phosphate anion: scaled
quantum-chemical (QM) and force ﬁeld calculations without (FF)
and with Urey–Bradley (FF/UB) terms
Degeneracy

QM

FF

FF/UB

3
1
3
2

945.5
821.3
542.5
376.5

949.5
645.7
540.3
376.5

945.5
820.0
542.5
376.5

Fig. 2 Schematic ﬂow chart for the ‘‘ on the ﬂy ’’ determination of
nonbonded potential parameters during an MD simulation.
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slowly decreased. These steps are repeated until convergence is
achieved. In contrast to the determination of the intramolecular parameters, in the intermolecular case the target function S
appears to be very rugged, mainly because of the statistical
uncertainties of the thermal averages. Therefore, the modiﬁed
Huang et al.35 cooling schedule
bj;new ¼ bj;old þ l=sold

ð10Þ

was used with a small parameter l ¼ 0.01, bj ¼ 1/kBTj and s
being the standard deviation of the parameters’ virtual total
energy (as deﬁned by the target function and the parameters’
kinetic energy) during each annealing cycle. Cooling is faster
in the early stages than close to ﬁnal, very small parameter
space temperatures; furthermore, increasing energy ﬂuctuations lead to slower cooling.
The resulting parameters for the various models are listed in
Tables 4 and 5. Due to the similarity of the results for the rigid
models of both ﬂuorapatite and hydroxyapatite the BMH
parameters were averaged. The transferability of nonbonded
parameters and charges emphasises the quality of the BMH
functional form.

3 Final model validation
3.1 Crystal parameters
Solid state structural information from the ﬁnal, optimised
force ﬁeld was tested against experimental crystal parameters11
by performing 48 ps NpT simulations of ﬂuorapatite and
hydroxyapatite at a pressure of 1 bar and a number of diﬀerent
temperatures in a range between 73 and 1273 K. The results for
the various models are summarized in Tables 6 and 7. Apparently the deviations are around 1% throughout, even less so for
the rigid models. Preliminary simulations36 employing the
computationally more expensive Ewald summation27 indicate
very small changes around 1–2% as expected from the cutoﬀ
optimisation, in line with the deviation from experiment.
Using shifted-force potentials as done in this work saves at
least 20–30% computer time as compared even with the fastest
particle-mesh Ewald implementations.37

Table 6 Simulated and experimental11 ﬂuorapatite unit cell parameters for various temperatures, rigid and ﬂexible models
T/K

Type

x/Å

y/Å

z/Å

a/degree

b/degree

g/degree

73

Rigid
Flex.
Exp.
Rigid
Flex.
Exp.
Rigid
Exp.
Flex.
Exp.
Rigid
Flex.
Exp.

9.353
9.314
9.352
9.355
9.347
9.370
9.392
9.399
9.431
9.417
9.460
9.526
9.460

9.353
9.414
9.352
9.355
9.440
9.370
9.392
9.399
9.430
9.417
9.460
9.527
9.460

6.871
6.942
6.871
6.901
6.960
6.883
6.916
6.906
6.993
6.922
6.964
6.989
6.964

90.0
90.2
90.0
90.0
90.3
90.0
90.0
90.0
90.0
90.0
90.0
90.0
90.0

90.0
91.2
90.0
90.0
90.9
90.0
90.0
90.0
90.0
90.0
90.0
90.0
90.0

120.0
121.1
120.0
120.0
120.9
120.0
120.0
120.0
120.0
120.0
120.0
120.0
120.0

300

600
800
1273

Table 7 Simulated and experimental11 hydroxyapatite unit cell parameters for various temperatures, rigid model
T/K Type

x/Å

y/Å

z/Å

a/degree b/degree g/degree

73 Simul.
Exp.
300 Simul.
Exp.
600 Simul.
Exp.
1273 Simul.
Exp.

9.433
9.377
9.455
9.404
9.488
9.441
9.556
9.523

18.852
18.754
18.910
18.808
18.976
18.882
19.111
19.046

6.900
6.881
6.907
6.901
6.916
6.928
6.940
6.987

90.0
90.0
90.0
90.0
90.0
90.0
90.0
90.0

90.0
90.0
90.0
90.0
90.0
90.0
90.0
90.0

120.0
120.0
120.0
120.0
120.0
120.0
120.0
120.0

of ﬂuorapatite with the rigid and the ﬂexible model, and compared them with experimental data. The spectra are derived
from the cosine Fourier transform of the time correlation function of the total dipole moment38
cMM ðtÞ ¼ hMð0ÞMðtÞi

ð11Þ

with
MðtÞ ¼

X

ri ðtÞqi

ð12Þ

i

3.2 Infrared spectra
As a measure for the quality of dynamical properties derived
from the apatite force ﬁeld we computed the infrared spectra
Table 4 Nonbonded force ﬁeld parameters for the systems with rigid
phosphate. O(P) and O(H) denote the oxygen atoms in the phosphate
and the hydroxide anions, respectively
Atom

r/Å

R/Å

C/109 J1/2 Å3

Ca
P
O(P)
O(H)
H
F

0.080
0.150
0.135
0.111
0.010
0.210

1.30
1.70
1.30
1.30
0.10
1.20

1.2151
6.8351
2.2784
1.5189
0.0015
3.1897

where ri is the position vector of particle i.
Expectation values were calculated from a 480 ps NVT
simulation (coupling to the heat bath was checked not to inﬂuence the dynamics signiﬁcantly) at 300 K. The resulting theoretical and experimental spectra are depicted in Fig. 3. The
peaks at around 600 cm1 and above as well as the complicated spectrum at very small wavenumbers where the experimental spectrum is not well resolved due to thermal noise
can be attributed to the phosphate anion ﬂexibility. Agreement
of experiment and results from the ﬂexible model is excellent.
The main deviation is located around 600 cm1 where the theory predicts a slight shift to larger wavenumbers as compared
to experiment. Although beyond the scope of this work, the
remaining discrepancy might be resolved by improving the
intramolecular phosphate potential taking into account explicit anharmonicity and a larger fragment of the crystal for the
vibrational analysis instead of a phosphate ion in vacuo.

Table 5 Nonbonded force ﬁeld parameters for the ﬂexible phosphate
model of ﬂuorapatite
Atom

r/Å

R/Å

C/109 J1/2 Å3

Ca
P
O(P)
F

0.079
0.175
0.092
0.209

1.30
1.77
1.30
1.21

1.3670
7.5946
2.2784
3.1897
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Concluding remarks

The presented model potential function can be used immediately in studies of ion mobility in the solid state. For the
important case of nucleation processes in the presence of gelatine mainly composed of collagen further modiﬁcations of the
nonbonded parameters and the functional form are needed in

Fig. 3 Experimental and calculated infrared spectra of ﬂuorapatite
for the rigid (top) and ﬂexible (middle) model at 300 K.

order to describe the interaction with the solvent and with the
protein atoms. Since the optimised site charges in the solid
state correspond basically to a fully ionic situation, this task
can possibly be pursued without further quantum-chemical
calculations simply by ﬁtting a Lennard-Jones term to the
repulsive and dispersion part of the BMH potential used here.
The resulting parameters could then be combined with protein
and water models in the usual way. With the recent progress in
characterising the crystal structure of the collagen triple helix
with high resolution39 the goal to study theoretically elementary steps of biomineralisation processes on a microscopic level
appears to be within reach.
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